Abstract-A new sliding mode-based learning control scheme for a class of SISO dynamic systems is developed in this paper. It is seen that, based on the most recent information on the closedloop stability, a recursive learning chattering-free sliding mode controller can be designed to drive the closed-loop dynamics to reach the sliding mode surface in a finite time, on which the desired closed-loop dynamics with the zero-error convergence can be achieved.
INTRODUCTION
Sliding mode control has been extensively studied and successfully applied for the control of both linear and nonlinear systems with uncertain dynamics and external disturbances [1]- [17] . It is well known that, if the upper and/or the lower bounds of the unknown system parameters, uncertain dynamics and the external disturbances are known, a sliding mode controller can be designed to drive the closedloop system to reach the sliding mode surface and then remain on it to ensure that the desired closed-loop dynamics with the zero-error convergence can be achieved, which is insensitive to the system uncertainties and the external disturbances.
It has been noted that the chattering exists in all existing sliding mode control systems in order to eliminate the effects of uncertainties and guarantee the zero-error convergence on the sliding mode surface. However, the chattering has largely restricted the applications of the sliding mode control technique in practice, since the high-speed chattering control signals require that the controlled systems have a wide frequency band in order to response the high frequency control actions efficiently, and also, the chattering control signals may excite some undesired high frequency mode in the closed-loop systems, which may not be considered and included in the system models. Although the boundary-layer technique can be used to eliminate the chattering as seen in [3] and [4] , the property of the zero-error convergence is lost as the sign function is replaced by the sigmoid function in sliding mode control signals. In fact, for more than 50 years, the researchers in the area of sliding mode control systems have been exploring the possibility of developing a new sliding mode control technique which ensures both the zero-error convergence and the chattering-free characteristics in sliding mode control systems with uncertainties.
In this paper, we will present a new sliding mode control technique with a recursive learning structure for a class of SISO dynamic systems. The new sliding mode learning controller consists of a most recent control signal and a correction term like the learning control algorithms in [12]- [15] . However, the correction term is updated by using the approximation of the most recent gradient of the Lyapunov function in order to continuously adjust the stability and convergence of the closed-loop system. It will be seen that, if the closed-loop system is stable, the correction term in the controller will continuously adjust the control signal in the sense that the closed-loop system will be continuously stable and the closed-loop dynamics can be driven to the sliding mode surface in a finite time and remains on it, the desired closed-loop dynamics with the zero-error converge can then be achieved. However, if the closed-loop system is unstable, the correction term will modify the control signal to move the closed-loop system to the stable region through continuously reducing the value of the derivative of the Lyapunov function from the positive to the negative, and then drives the closedloop trajectory to reach the sliding mode surface in a finite time and guarantees that the desired closed-loop dynamics with the zero-error converge can be achieved on the sliding mode surface. Because of the recursive learning structure of the new sliding mode controller, after the closed-loop system trajectory reaches the sliding mode surface, the sliding variable does not cross the sliding mode surface with the zigzag motion, and therefore no chattering occurs in the closed-loop sliding mode control system. The rest of the paper is organized as follows: In Section 2, the SISO dynamic system model, the state equation of the sliding variable and its derivatives, and the new sliding modebased learning control structure are formulated. In Section 3, the convergence analysis of the closed-loop dynamics with the new sliding mode learning controller is studied in detail. In Section 4, a simulation example for controlling a third-order linear uncertain system is presented to show the effectiveness of the proposed new sliding mode learning control technique. Section 5 concludes with some further work.
II. PROBLEM FORMULATION
Consider a class of SISO dynamic systems described by the following differential equation:
where t is the time, x(t) is the system output, ( ) ( ) 
where λ is a positive constant.
Differentiating the sliding variable s(t) with respect to the time t for n-1 times, we obtain the following equations: The sliding mode-based learning controller proposed in this paper is of the form:
with the correction term:
where ( )
is the approximation of ( )
is the first-order derivative of the Lyapunov function candidate
, chosen for the closed-loop system, and computed as follows:
is computed as:
with the time-delay τ chosen to be sufficiently small in the 
for both
the control parameters 1 η and β in (9) and the scalar 1 β in (13) are chosen to satisfy the following inequalities: η in (9) will be determined later.
Remark 1: Since the time delay τ is chosen to be sufficiently small, we can reasonably assume that
is nonzero when the closed-loop dynamics is not constrained on the sliding mode surface s(t) = 0.
Remark 2: Using (14) in (12), we obtain
(17) is called the Lipschitz-like condition, which states that the change of the stability status of the closed-loop system is very small as the time delay τ is sufficiently small. It will be seen from the next section that it is because of the use of the Lipschitz-like condition that no information on the upper and/or the lower bounds of the unknown system parameters and the uncertain dynamics is required for designing sliding mode-based learning controller, and the Lipschitz-like condition also plays a very important role in the convergence analysis of the closed-loop system with uncertain dynamics and guarantees that the learning control ( ) t u , updated using the most recent information on ( )
, can correct the motion of the closed-loop dynamics and drives the state variable vector ( ) t z to converge to zero in a finite time, and then the system output x(t) exponentially converges to zero on the sliding mode surface s(t) = 0. The detailed convergence analysis is given in the next section.
III. CONVERGENCE ANALYSIS
Theorem 1: Consider the state equation in (6) for a class of SISO dynamic systems in (1). The system output x(t) asymptotically converges to zero if the control input u(t) is designed as in (8) with the correction term in (9).
Proof: Differentiating the Lyapunov function candidate
with respect to the time t and using (8) and (9), we have
(18) can then be further expressed as:
It is seen from the Lipschitz-like condition in (17) that the value of
and the value of the term
have the same sign. Thus, for the case that ( )
in (20) satisfies the following inequality:
It is noted that
Using (23) in (22), we have
Since ( ) ( ) 0
is more negative as the time t is increased, ( ) t V will converge to zero in a finite time, that is, the closed-loop dynamics reaches the sliding mode surface s(t) = 0 in a finite time, and thus, the system output x(t) will asymptotically converge to zero on the sliding mode surface s(t) = 0.
For the case that ( )
(25) (20) can then be expressed as: 
is upper bounded and
is nonzero. Thus, there exists a positive number 2 η such that the following inequality is held:
Therefore, using (29) and (30) in (28), we obtain
The analysis from (25) to (32) shows that the sliding modebased learning controller in (8) is capable of continuously reducing the value of ( ) t V from the positive to the negative to move the closed-loop dynamics to the stable region, and the closed-loop trajectory can then be driven to the sliding mode surface in a finite time and guarantees that the system output x(t) asymptotically converges to zero on the sliding mode surface s(t) = 0.
In summary, based on the analysis from (18) to (32), we conclude that the new sliding mode controller in (8) guarantees that the closed-loop system trajectory reaches the sliding mode surface s(t) = 0 in a finite time and the system output x(t) can then asymptotically converge to zero on the sliding mode surface.
Remark 3:
The intelligent learning capability of the proposed sliding mode-based learning control technique has been clearly seen from Theorem 1. The primary information to help the controller to make decision at the time t is the value of
, the approximation of ( )
which is the most recent information of the gradient of the Lyapunov function at the time τ − t with the property that
, as the time delay τ is sufficiently small. In particular, if ( )
is more negative as the time t is increased. Thus, the closed-loop trajectory reaches the sliding mode surface in a finite time. On the other hand, if ( )
> 0, the controller will gradually reduce the value of ( ) t V from the positive to the negative and then drives the closed-loop trajectory to reach the sliding mode surface in a finite time. On the sliding mode surface, the system output asymptotically converges to zero.
IV. A SIMULATION EXAMPLE
In order to illustrate the proposed new control technique, we consider the following third-order linear system: (33) where system parameters and the initial values of the state variables are converges to zero in a finite time, the system output x(t) then exponentially converges to zero on the sliding mode surface, and the control signal u(t) is completely chattering-free. Control input u(t) Fig. 3(c) . The control input u(t) V. CONCLUSIONS In this paper, a new sliding mode-based learning control technique has been proposed. The theoretical analysis and the simulation results have shown that the new sliding mode control can not only drive the closed-loop trajectory to reach the sliding surface in a finite time and guarantee the desired closed-loop dynamics with the zero-error convergence on the sliding mode surface, but also have the privilege of chatteringfree characteristic, which makes the proposed sliding modebased learning control potentially have a wide range of applications in the near future. The further work to extend the proposed new control algorithm to the control of MIMO linear and nonlinear systems, sampled data systems, dynamical fuzzy systems and consensus networks is under the authors' investigation.
